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Abstract 

In this paper we study the maximal regularity property for non-autonomous evolution 
equations dtu(t) + A(t)u(t) — /(t), u(0) = 0. If the equation is considered on a Hilbert space 
H and the operators A{i) are defined by sesquilinear forms a(t, ., .) we prove the maximal 
regularity under a Holder continuity assumption of t — * a(t, ., .). In the non-Hilbert space 
situation we focus on Schrodinger type operators A(t) := —A + m(t, .) and prove L p — L q 
estimates for a wide class of time and space dependent potentials m. 

Mathematics subject classification (2000): 35B45, 35Kxx, 47D06. 

Keywords: maximal L p — L q regularity, non autonomous Cauchy problems, Schrodinger op- 
erators. 

1 Introduction 

Consider the Cauchy problem 

d t u(t) + Au(t) = f(t), te[0,T], 

u(0)=0 {) 
where dt is the partial derivative with respect to the time variable. 

The maximal regularity property for autonomous evolution equations (the operator A does not 
depend on t) of the type ([T|) has been widely investigated in the literature. One of the reasons 
why this property is important lies in the fact that it allows to study certain nonlinear problems. 
Indeed it is known that in this case the classical evolution operator approach fails whereas a 
technique based on the maximal regularity for the linearized problem and the inverse function 
theorem allows to treat some quasilinear and fully nonlinear problems (see for example |19j). The 
maximal regularity for autonomous evolution equations is now well understood and we refer to 
Section \2A\ below for a more detailed description and references. 

For non-autonomous evolution equations (i.e., the operator A depends also on the time variable 
t), the situation is much more difficult and it is very less explored. There are however several 
results in the litterature. Some authors have investigated the case where the operators A(t) have 
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the same domain (i.e. D(A(t)) = D(A(0)) is independent of t € [0, T\). Priiss and Schnaubelt 
|20j for example proved the maximal regularity under a time continuity assumption on t — > A(t). 
Arendt, Chill, Fornaro and Poupaud [5] proved a maximal regularity result by requiring that 
D(A{t)) = D(A(Q)), t — » A(t) is relatively continuous and A{t) satisfies the maximal regularity for 
every fixed t £ [0, T]. Related results where also proved by Amann pQ. 

Concerning the case of operators whose domains depend on t, Hieber and Monniaux [12j showed 
a maximal regularity result in Hilbert spaces via the technique of pseudo-differential operators 
with operator- valued symbols provided that the family {A(t), t € [0, T]} satisfies the commutator 
Acquistapace-Terreni condition. Moreover they proved also [13] that a maximal LP — L q regularity 
result holds by assuming the Acquistapace-Terreni condition as well as some heat kernel bounds 
on A(t). 

The Acquistapace-Terreni condition is rather strong, it requires a certain Holder regularity of A 
(with respect to t) but it allows to study operators A(t) with domains depending on t. 
Such a condition consists in finding an estimate of the form 

\\A(t)(\ - A{t))-\A{t)^ A( s yi)\\ c{H) < c Jl"^ 

where s,t £ [0, T] and A is in a sector contained in the resolvent set and which will be later specified. 
Evidently it is not easy to get a such estimate and it is one of the aims of this paper to deal with 
operators whose domains vary with t without assuming the Acquistapace-Terreni hypothesis. We 
will prove a maximal regularity result for operators associated with sesquilinear forms in a Hilbert 
space. We will require that the forms have the same domain V (but the domains of the operators 
may vary with t). Our idea lies in viewing each operator A(t) as an operator acting in the dual 
space V with domain the whole space V. Using this we are in a somehow similar situation than the 
case where the operators have the same domain. This allows one to obtain maximal regularity of 
the evolution equation but considered on V' . Under a Holder continuity property of the sesquilinear 
forms (with respect to the time variable) we obtain the maximal regularity of the evolution equation 
on H. In order to achieve this we shall use in a crucial way the previously mentioned results of 
Hieber and Monniaux. We point out that the same restriction on the Holderianity exponent 
appears also in some known results concerning the existence of classical solutions of ^ (see for 
example [23] Section 5.4]). 

Our maximal regularity result in Hilbert spaces applies to several examples, including uniformly 
elliptic operators (with time dependent coefficients) on L 2 — spaces and also to a class of Schrodinger 
operators with potentials depending on the space and on the time variables. In other words, we 
obtain L p — L 2 a priori estimates for the corresponding parabolic equation. 

The next step is to extend this and prove LP — L q estimates for q ^ 2. For this, we shall concentrate 
on the case of Schrodinger type operators {—A + m(t, •), t S [0,T]} on 18L N . Using L 1 — estimates 
and domination arguments (Kato's inequality) we can prove weak type (1, 1) boundedness of the 
operator dt (dt — A + m(t, ■)) 1 an d its adjoint. From this, together with the LP — L 2 estimates we 
obtain that the family {—A + m(t, •), t £ [0, T]} satisfies the LP — L q (M. N ) maximal regularity for 
all 1 < p, q < oo. 

In the final section we explain how to prove these LP — L q estimates for more general operators 
including elliptic operators on domains or Laplacians on some Riemannian manifolds. 

Notation. All over the paper we denote by p(A) the resolvent set of A, by a(A) its spectrum, by 
C(H) the space of all bounded operators on H and by n{A} the Lebesgue measure of a set A. 
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2 Background material 



2.1 The autonomous equations 

Let A be the generator of an analytic semigroup on some Banach space X and consider the 
autonomous parabolic problem associated with A 

f d t u{t)+Au(t) =/(<), ie [0,T], 
\ u(0) = 0. 

As well known, in general, the derivative dtu of a solution of the above Cauchy problem is 
less regular than the right hand side /. We are concerned with the maximal regularity problem. 
Roughly speaking it means that we would like to know when this loss of regularity does not occur. 

Definition 2.1 Given p £ (l,oo), we say that there is maximal L p regularity if for each f G 
L p (0,T; X) there exists a unique u 6 W 1,p (0,T; X) f~l L p (0, T; D(A)) satisfying the above problem 
in the L p (0,T; X) sense. 

Many results concerning the maximal regularity property in the autonomous case can be found 
in literature. The Hilbert spaces case was first investigated. We mention some of them. For 
example De Simon [7] proved a maximal L p (0,T; H) regularity result in Hilbert spaces H, then 
Sobolevskii [52] proved that the maximal regularity property is independent of p. Da Prato and 
Grisvard [5] showed maximal L p (0, T; X) regularity results in real interpolation spaces X. Lamber- 
ton |16j proved that there is maximal L p regularity provided that —A generates a bounded analytic 
semigroup on L? which acts as a contraction on L p for all p s [1, oo]. Dore and Venni [8] proved 
that there is maximal LP regularity provided that A admits bounded imaginary powers (with an 
appropriate bound on their norms) . Weis [24| and |25) gave necessary and sufficient conditions for 
maximal regularity in terms of the so-called R-boundedness of the resolvent or the semigroup of 
the operator —A. Hieber and Pruss [14J . Coulhon and Duong [4 obtained maximal LP regularity 
provided that the kernel of the semigroup generated by A satisfies some gaussian upper bounds. 

Let us recall why the maximal regularity property implies some a-priori estimates for the 
solutions u of the above evolution problem. 

In the evolution equation dt is the distributional derivative with respect to t. Note also that the 
operator d t : D(d t ) -> L p (0,T;X), 1 < p < oo with domain D(d t ) = {u € W^ p (0,T;X) : u(0) = 
0} is a closed operator. It is even the generator of the translation semigroup (see for example 
[21 Chapter II]). In the following we will deal also with the adjoint operator <9 t * which acts on 

D(dl) = {ue W l ' q (0, T; X') : u(0) = u(T) = 0} where q is such that - + - = 1 and so defined 

p q 

d^u — —d t u 

(see [TTJ Section II. 2] for a more detailed description of the adjoint operator). 

Remark 2.2 If we consider D(A) as a Banach space endowed with the graph norm, the maximal 
regularity property and the closed graph theorem imply that the operator (dt + A)" 1 : L p (0, T; X) — » 
L p (0, T; D(dt)) D L P (Q, T; D(A)) is continuous, hence there exists a positive constant C such that 
for each f e L p (0,T;X) 

\\(d t + A) 1 f\\LP(0,T;D(d t ))nLP{0,T-D(A)) < C\\f\\ L p^ ,T;X) 

or, if u is a solution of the above problem, 

\H\lp(0,T;X) + \\<ku\\LP(0,T;X) + \\Au\\ L P(0,T;X) < C||(<9 f + A)u\\ L p {0 ,T;X)- 
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2.2 Non-autonomous equations 

Suppose now that the operator A is depending also on the time variable t and consider the non- 
autonomous parabolic problem associated with A 

d t u(t) + A(t)u(t) = /(*), t€[0,T], 

«(0) = 0. ( ' 

Generally, in this case the domains D(A(t)) may vary with t G [0, T], therefore we cannot 
deduce maximal regularity results for ([2]) from the ones in the autonomous case by perturbation 
techniques. 

Definition 2.3 Let X be a Banach space andp such that 1 < p < oo. The family {A(t), t G [0, T]} 
is said to belong to the class MR(p, X) or equivalently we say that there is maximal L p — X 
regularity for H|) if for each f G L p (0,T; X) there exists a unique u G W 1,p (0, T; X) with t — > 
A{t)u{t) G LP{0,T;X) satisfying £g) m the LP(0,T;X) sense. 

As in the autonomous case, the maximal regularity property and the closed graph theorem give 
some a-priori estimates for the solutions of ^ of the form 

\\ u \\lp(0,T-X) + \\9tU\\ L p^ ,T;X) + I^ u IIlp(0,T;X) < C||/IUp(0,T;X)- (3) 

As mentioned in the Introduction, a maximal regularity result in Hilbert spaces has been 
obtained by M. Hieber and S. Monniaux [HI Theorem 3.2]. Since their result will be used in our 
proof, we state it precisely. 

The main assumptions are the following resolvent estimate HI) and the Acquistapace-Terreni 
condition H2). For 9 G (0,tt), set S e := {z G C \ {0}; |arg z| < 6}. 

HI) There exists 9 G [0, ^ such that a(A{t)) C T, e for all t G [0,T] and for ip G (9, vr) there 
exists M > such that 

+ |A|- 

H2) there exist two constants a, (3 G [0, 1], a < (3, uj G ^0, — J , c > such that 

for s,t G [0,T], A G C\E W . 

Theorem 2.4 (Hieber-Monniaux) Let l<p<oo, T>0 and {A(t), i G [0, T]} be a family 
of densely defined linear operators in a Hilbert space H satisfying the assumptions HI) and H2). 
Then {A(t), t G [0,T]} belongs to MR(p,H). 



\\(X-A(t))- l U w < te[0,T], AgC\S v ; 



2.3 Forms and associated operators 

Let H be a Hilbert space over K — C or M, V be another Hilbert space contained in H and a(t, ■,■) 
a sesquilinear form defined on V x V for every fixed t in a bounded interval [0, T]. We denote by 
(■,■), || • || h the inner product and the correspondent norm in H respectively and by ((•,•)); II ' II v 
the inner product and the correspondent norm in V. Assume that 
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(i) there exists a constant Mq such that \\u\\h < -MolMlv for all u G V; 

(ii) a(t, •, •) is densely defined, i.e., V is dense in H; 

(iii) there exists a non-negative constant M (independent of t) such that 

|a(*,u,w)| < M||u||v||«||v for all u,v G V and all t G [0,T]; 

(iv) there exist a positive number S and a real number k such that 

Re a(t,u,u) > S\\u\\^ - k\\u\\% for all t G [0,T] and all it G V. 

It is well known (see for example jTSJ Chapter 1] or [33J Chapter 2]) that, under these assumptions, 
one can associate with a(t, •, •) an operator A(t) defined by 

D(A(t)) := {ueV,3geH : a(t, u, v) = (g, v) V v G 7}, 
A(t)« = .9. 

The operator A(t) is a densely defined and accretive operator on H. Its domain may depend on 
the variable t. As mentioned in the Introduction, this latter fact is one of the main difficulties in 
order to obtain maximal regularity for the non-autonomous problem ((2|). 

It possible to associate with a(t, •, •) an operator A(t) whose domain is V (hence independent of t) 
but it acts on a larger space than H. 

Denote by V the dual (or anti-dual) space of V, that is the space of continuous linear (or 
ant-linear) functionals <j> on V. Identifying H and its dual H' yields 

V c H c V 

with continuous and dense imbedding. We denote by (•, •) the dualization between V and V (i.e. 
((f>, u) denotes the value of at u for u £ V and <j) £ V). In particular, if (j> G H and u G V, then 
(4>, u) = ((/>, u). Fix u G V and consider the functional 

(f>(t,v) := a(t,u,v), veV,t€[0,T}. 

From the continuity assumptions (iii), it follows that the functional <f> is continuous on V and so 
it belongs to the dual space V . By the Riesz representation theorem, there exists a unique vector 
A(t)u G V such that <j>(t,v) = (A(t)u,v). The linearity of A(t) follows from the linearity of the 
form. By the continuity assumption (iii) , we have 

||.A(t)«||y = sup \(A(t)u,v)\ — sup |o(t, u, v)\ < M\\u\\y 
\\v\\<i \H\<i 

Thus A(t) is a continuous operator from V into V'. Now let A(t) be the operator associated with 
a(t, -, •). By the density of V in H, we see that A(t) is the part of A(t) in H. This means that 

D(A(t)) ={ue D(A(t));A(t)u G H} and A(t)u = A(t)u for u G D(A(t)). 

For more information on Ait) (for each fixed t) see [HI Section 1.4.2] or [531 Section 2.2]. 
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3 Maximal regularity for non-autonomous equations in 
Hilbert spaces 

In this section, H and V are Hilbert spaces such that V C H with dense and continuous embedding. 
We use the same notation as in the previous section. 

We start with the following classical result due to J.L. Lions (see [T7] or [25]). 

Theorem 3.1 Let a(t, •, •) be sesquilinear forms with the same domain V and satisfy (i), (ii), 
(Hi) and (iv) described in the previous section. Assume that t — > a(t,u,v) is measurable for every 
U, V G V. For every f G L 2 (0, T, V) there exists a unique u G W 1,2 (0, T, V')nL 2 (0, T, V) satisfying 

d t u(t) + A{t)u{t) = f(t), u(0) = 0. (4) 

In other words, the non-autonoumous Cauchy problem has L? — V' maximal regularity. 

If in addition t — > a(t, u, v) is continuous, then ^ has maximal LP — V' regularity. 

Proposition 3.2 Let Ait), a(t, -,-) be as above and assume that for every e > 0, there exists a 
constant S > such that 

\a(t,u,v) - a(s,u,v)\ < £||u||y||u||v 

for all u,v € V and all t,sG [0, T] such that \t — s\ < S. Then the problem has L p — V' maximal 
regularity for every p G (1, oo). 

Proof. Fix u e V. We have 

— ^4(s)u||y = sup | a(t, u,v) — a(s,u,v)\ 
\\v\\ v <l 

< sup e||u||v||«||v 

\\v\\v<l 

= s\\u\\ v . 

In particular, t — > A(t) is continuous from [0, T] to C(V,V). The conclusion of the proposition 
follows then from [20]. □ 

Note that by using [2j Theorem 2.7] we can weaken the continuity assumption in the previous 
proposition. 

We are in position to state the maximal regularity property for operators A(t) on H. 

Theorem 3.3 Let a(t, •, •) be sesquilinear forms with the same domain V and satisfy (i), (ii), (Hi) 
and (iv) described above. Suppose moreover that a(t, u, v) is Holder continuous in t in the following 
sense: there exist (3 > h, K > such that 

\a{t,u,v)-a(s,u,v)\ < jK"|* — (5) 

for all s, t S [0, T] and u, v G V. Let A{i) be the operator associated with the form a(t, ■,■) as 
previously defined. Then {A(t), t G [0, T}} belongs to MR(p,H). In other words, HP has L p — H 
maximal regularity. 

Before we prove this result, let us mention that {A(t), t G [0, T]} has L p — H maximal regularity 
iff for every 8 > 0, {A(t) + SI, t G [0,T]} has LP — H maximal regularity. Therefore, we may 
assume without loss of generality that assumption (iv) holds with k = 0. 

We first prove a preliminary lemma. 



6 



Lemma 3.4 Let A(t) be the operator associated with a(t, •) under the assumptions above (with 
k = in (iv)). Then there exists a positive constant C such that for all f G H, t G [0, T], 
A G p(A(t)), Re A < 0, 

||(A- AC*))- 1 /!!^ < C7|A|-i||/|U. 

Proof. Let / £ H, A G p(A(t)), Re A < and set u = (A - A(i))- 1 /- Then, by the definition of 
A(t), 

(./» = A(tt,u) - a(t,u,v) 
for every v £ V. If we take v = u, the previous becomes 

(/, u) = A(u, u) - <x(i, u, u) (6) 

from which it follows that 

Nkll/lk > Re [-(/,u)] = flea(i,H,u) - JfeA|l«ll* > 5|M|8^ 2 (7) 
and hence, by ([6]) again and the continuity assumption on the form, it follows that 

\X\\\uf H < \\u\\ H \\f\\ H + M\\u\\l < (l + *f) \\f\\ H \\u\\ H 

where M is the constant in the continuity assumption of the form. Therefore we deduce 

\X\\\u\\ H <(l + ^-)\\f\\ H . ( 8 ) 



s 



We conclude by observing that, by and 



5\\u\\ 2 v <\\f\\ H \\u\\ H <±(l + ?p) \\ff H 

which is the claim. □ 

Proof of Theorem 13.31 Since the family {A(t), t G [0, T}} belongs to MR(p, H) if and only 
if this is true for {A(t) + 51, t G [0, T}} with v arbitrary constant, we can suppose that A(t) is 
invertible for all t G [0, T]. We would like to apply the Theorem 12. A\ so we need to verify that 
the assumptions HI) and H2) are satisfied. Let us first observe that the operator — A{t) generates 
an analytic semigroup both in H and in V' (see [TH Chapter 1]), therefore the assumption HI) is 
verified for some 6 € (0, -|). Let us turn our attention to the second assumption. Denote by L the 
operator A(t)(X — v4(i)) _1 (A(t) _1 — A(s)^ 1 ) defined on H and by £ the analogous operator with 

A instead of A defined on V'. Let u> G (j), —^j , A G E u , u, v G V, t, s G [0, T]. Since the domain 

of A(t) coincides with V and so it is independent of T, then A{t) and (A — A^))^ 1 can commute 
in the expression of C and we can write 

(Cu,v) = {AWX-Ait))- 1 ^)- 1 -Ais)- 1 )!!^) 

= ((A - A(t))^ 1 A(t)(A(t)~ 1 - A(s)~ 1 )u, v) 

= ((A - ^(t))- 1 (^(s) - A(t))A(s)- x u,v) 

= ((A(s)-A(t))A(s)- 1 u,(X-A*(t))- 1 v) 

= {A{s)A(s)- 1 u,(X~A*{t))- 1 v) - (A^Ais^u^X-A*^))-^) 
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where A* is the adjoint operator of A. By the definition of A, 

(Cu,v) = o(s,A(a) _1 u, (A - A*(t))- 1 v) - a(i, ^(s^u, (A - A*(t))~ 1 v). 
The Holderianity assumption on the form implies that 

\(£u,v)\<K\t-sf\\A(s)- 1 u\\ v \\(\-A*(t))- 1 v\\v 
for all u, v E V. By Lemma [3T4l 

iKA-^wr^ik^ciAr^iMk 

with C independent of t and, analogously, 

MW-^llv < C\\u\\ H 
for some other positive constant C. We obtained that 

\(£u,v)\<C l ±-^\\u\\ H \\v\\ H . 

\X\2 

Hence Cu E H for u E V and, by the density of V in i7, 

|* - 
< C . .1 ■ 

|A|2 

This proves that assumption H2) is satisfied with a = h and f3 as in the Holderianity assumption 
of the form. By Theorem 12.41 we deduce the claim. □ 

Examples. 

1) Uniformly elliptic operators on domains. Let fl be an open subset of (N > 1) endowed 
with the Lebesgue measure dx. Denote by V a fixed closed subset of the Sobolev space H 1 (O) which 
contains the space of C°°— functions with compact supports in fl. We define on H :— L 2 (il,dx) 
the sesquilnear forms (here t E [0, T] and T > is fixed) 

N . N . 

a(t,u,v) = / a,kj(t,x)djU ■ df-v dx + / l a k(t, x)dkU ■ v + b^(t, x)u ■ dkv] dx 

k j =1 Jn k=i'' n 

m(t, x)u ■ v dx 

D(a(t,-,-)) = V for all t E [0,T]. 



Q 



Here we assume that the coefficients a^j, a^, bk and m satisfy the following conditions (in which r\ 
and M are positive constants independent of t). 

max{|a &i (i, -)|, |a fc (t, -)\, \b k (t, -)|, |m(t, •)[} < M (a.e. x E fi), (9) 

N 

akj(t,x)Z k Sj > ry|e| 2 for all£ = ...,£„) E R N , (10) 
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max{\akj(t, x) -a kj (s,x)\, \a k (t,x) -a k (s,x)\, \b k (t,x) -b k (s,x)\, \m(t,x) —m(s,x)\} < M\t-sf. 

(11) 

Here d k := and the estimates hold for all (,s£ [0, T] and a.e.x £ Q. 

The first two assumptions ([9|) and (110|) imply that the forms a(t, -, •) are closed and satisfy the 
assumptions (i) , (ii) , (iii) and (iv) of Theorem 13.31 Therefore, if holds with some constant 
/3 > 1/2 then the problem ([2|) has L p — L 2 (f2) maximal regularity. The operators A(t) are now the 
associated operators with the forms a(t, •, •). These are time-dependent uniformly elliptic operators 
subject to the boundary conditions fixed by V. 

2) Schrddinger operators. We consider a particular form of the operators of the previous 
example. However, we want to include the case where the potential m is not bounded. We 
concentrate on A(t) :— — A + m(i, •) on L 2 (M. N ) but we could consider similar operators on domains 
with general boundary conditions. 
We define the forms 

o(t, u, v) — / d k u ■ d k v dx + / m(t, x)u ■ v dx 
f~[ Jr n Jr n 

D(a(t,-,-)) = {u€H 1 (R N ), I m(t,x)\u\ 2 dx < oo}. 

We assume that there exists a non- negative potential W £ Lj oc (R N , dx) such that m satisfies the 
following properties (in which c\,C2 are positive constants and [3 > 1/2). 

ciW(x) < m{t,x) < c 2 W(x) (a.e. x e U N ) and all t G [0,T], (12) 

\m(t,x) - m(s, x)\ <c 2 W(x)\t- sf (a.e. x <ER N ) and all t,se[0,T]. (13) 
Under these assumptions, it is clear that 

D(a(t,-,-)) = V := \u G H\R N ), f W {x)\u{x)\ 2 dx < oo) for all t G [0, T]. 

The space V endowed with the norm 

1/2 

Vu| 2 da;+ / \u\ 2 dx+ I W\u\ 2 dx 



\\u\\ v := 

is a Hilbert space. The form a(t, •, •) is closed and its associated operator is the Schrodinger 
operator A(t) := —A + m(t, ■). 

Under (p~2|) and (fl3)) the forms satisfy the assumption of Theorem 13.31 if j3 > 1/2. Therefore, the 
time dependent Schrodinger equation 

9 t u(t)-Au(t) + m(VM*) = /(*), te[0,T], . . 

u(0) = [ ' 

has the LP — L 2 (R N ) maximal regularity. 

4 Maximal regularity for a class of Schrodinger operators 

In this section we examine LP — L q a priori estimates for the Schrodinger type equation (|14[) . Let 
again 

A(t) = -A + m(t,-) 
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be a Schrodinger operator on L 2 (M. N , dx) (A(t) is defined at the end of the previous section). We 
assume that the potential to satisfies (fT2)l and (| 13[) with some constant j3 > 1/2. We have seen 
that by Theorem I3~31 the family {-A + m(t, ■), t £ [0,T]} belongs to MR(p,2). We recall that 
it means that for each / e L p (0, T; L 2 (R N )) there exists a unique u € W 1,P (Q, T; L 2 (]R Ar )) with 
t -> A(t)«(i) G 2^(0, T^R*)) satisfying QU in the L p (0, T; L 2 (R N )) sense. The closed graph 
theorem implies then that there exists a constant C > such that 

IMIl!>(0,T;L 2 (B«)) + \\dtu\\ L p(o. T ;L 2 {R N )) + 11^11^(0,^2(8^)) < C\\ f II Lp(0,T;L 2 (R n )) ■ 

By [31 Theorem 2.1, Proposition 3.11], for every A > 0, 1 < p < oo, the operator A + dt + A(t) is 
invertible in L p ([0, T] x l"). Therefore, by adding a positive constant and observing that this does 
not affect the study of the maximal regularity, we can suppose that d t +A(t) is invertible. The max- 
imal LP — L 2 regularity property can be reformulated by saying that the operator dt(dt — A + m) ~ 1 
is bounded in L p (0, T; L 2 (R N )). If we prove that such a operator and its adjoint are of weak type 
(1, 1), then the Marcinkiewicz interpolation Theorem implies that {A(t), t £ [0, T]} belongs to the 
class MR(p, q). Here A(t) is a certain realisation of the operator on L q {M. N ). 

From now on, we assume without loss of generality that dt — A + m is invertible on L 2 ([0, T] x 
Mr). We also assume that (jT2"j) and (fT3")) with some constant j3 > 1/2. As explained, the operator 
dt(dt — A + m) _1 is bounded on L 2 ([0, T] x R w ). We prove that d t (d t — A + to) -1 is of weak type 

(1,1)- 

Proposition 4.1 The operator dt(dt — A + to)" 1 is of weak type (1, 1). 

Proof. Let / e ^([0,7] x R w ) nL 2 (0, T x JR^) and set u := (^-A + to)- 1 / with u(0, •) = 0. 
Note in passing that u G L 1 ([0,T] x R w ) (this follows for example from |25)l below). 
Let /i n : R — > R be a sequence of smooth functions such that \h n \ < C, h' n (s) > and h n (s) —> 
sign(s) pointwise as n — * oo. Let be such that -ff^ = /i„ and H n (0) = 0. By the Lebesgue 
convergence Theorem, we have 

/ sign(u)d t u = lim / h n (u)d t u = lim d t (H n (u)) 

J[0,T]xR N n J[0,T]xR N n J[0,T]xR N 

= lim / H n (u(T,-))= [ limH n (u(T,-))>0, 



(15) 



and, by dissipativity, 

— / sign(w)Au > 0. 

i[0,T]xl N 

Therefore, after multiplying by sign(w) both member of 

dtu — Au + mu = f, (16) 

we obtain 

/ m\u\ < / sign(w)(<9 t — A + m)u = / /sign(u) < / |/|. 

J[0,T]xM N J[0,T]xM N J[0,T]xM N J[0,T]xM N 

From this and the equation (fl~6)) we deduce that 

/ \(d t -A)u\<2[ |/| (17) 

J^Tlxl" J[0,T}xR N 
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(the last inequality is known, it has been proved by Kato [T3] in the elliptic case. See also [3] for 
its parabolic version). Since the operator dt{dt — A) -1 is of weak type (1,1) (see for example [TH 
Section 5] ) , it follows that there exists a positive constant C such that for every a > 

f i{\d t (d t -A + m)- 1 f\>a} = n{\d t (d t -Ay 1 (d t -A)(d t -A + m)- 1 f\>a} 

c c 

~ ~\\(®t ~ ^-)(dt - A + m)~ /|Ui([0,T]xK^) < — Il/IU 1 ([0,T]XK JV ) 

and so dt(dt — A + m) _1 is of weak type (1, 1). □ 

By interpolation, from the last proposition we get the maximal L p — L q regularity for 1 < q < 2. 
In order to extend the range of admissible values for g, we apply a duality argument. 

Proposition 4.2 The adjoint operator [dt(dt — A + m) -1 ]* acting on C£°([0, T] x R N ) is of weak 
type (1,1). 

One of the tools in the proof is a distributional inequality proved by Kato for the Laplacian 
(see [3TJ Theorem X.2]). For completeness we provide here a short proof in the parabolic case and 
for complex values functions u. 

Lemma 4.3 (Parabolic Kato's inequality) Let u E £j oc ([0, T] x R N ) be such that (d t - A)u E 
Ll oc ([0,T] x R N ). Define 

JO if u(x)=0 

sign(it) = < 

\u(x)/\u(x)\ if u(x)^Q. 

Then \u\ satisfies the following distributional inequality 

{d t - A)\u\ < Re [sign(u)(9 t - A)u}. 

PROOF. We first suppose that u e C°°([0,T] x R N ). Define 



u £ (x) := Vl"l 2 +e 2 (18) 

so that u e e C°°([0,r] x R N ). Since 

u E Vu E = Re[uS7u]. (19) 

and u e > \u\, then (| 19[) implies that 

|Vw e | < |«||u e | _1 |Vu| < |Vu|. (20) 
Taking the divergence of (fT9|) we obtain 

u e Au e + \Vu E \ 2 = Re (TiAu) + \Vu\ 2 

so by (HQ]) 



Au e > Re [sign £ (u)Au], (21) 
where sign e (w) := u/u e . Differentiating (|18p with respect to t wc obtain 

d t u e = Re [sign £ (u)d t u] (22) 
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and combining (|2"Tj) and (f2"2"| yields 

(ft - A)u E < Re [sign, (u) (ft - A)u]. (23) 

Let now u G Lj oc {[0,T] x R N ) be such that (A - d t )u G ^([O.T] x R N ) and let </>„ be an 
approximate identity. Since m":=u + 4> n G C°°([0,T] x R N ), then by jUJ 

(ft - A)(«") E < i?e [sign £ (u")(ft - A)u n ]. (24) 

Fix e > and let n — > oo. Then m" it in Lj oc ([0, T] x 1*) and a.e. (passing to a subsequence, if 
necessary). Thus sign e (u n ) — ► sign e (u) a.e. Since (ft — A)u n — ((ft — A)u) * <j> n and (ft — A)u G 

£L([°> r ] x Rjv )> then - A h n (ft - A ) u in ^Ld ^] x RAr )> t0 °- :t is now eas y t0 see 

that sign e (u")(ft — A)u n converges in the sense of distributions to sign e (w)(ft — A)u. Thus, letting 
n — ► oo in (12311 we conclude that 



(ft - A)u £ < Re [sign, («) (ft - A)u]. 

Now taking e — > we obtain the desired inequality for u, since sign e (u) — ► sign(it) and |sign e (tt)| < 
1. □ 

We will need also the following simple equality. 
Lemma 4.4 Let f, g G C l {[Q,T\ x R N ). Then 

ft(sign( 5 )/) = sign( ff )ft/ 
almost everywere in [0,T] x M. N . Here ft is the distributional derivative with respect to t. 
Proof. Given e > 0, define 

so that g e G C 1 ([0,T] x M. N ), g e — > sign(p) pointwise as e — > and 

'ft5(M 2 + £)-|5| 2 ft5 



ft( ffe /) = 5E ft/ + / 



(| 5 | 2 + e)5 



By letting e to 0, the right hand side in the previous equality converges pointwise to sign(<?)ft/ since 
the second addendum converges obviously to in the set {g ^ 0} and ft<? = almost everywhere 
where g = (see for example [TU1 Lemma 7.7]). The left hand side approachs ft (sign(g)/) in the 
sense of distributions. By observing that, by dominated convergence, the convergence in the right 
hand side is also in the distributional sense, we deduce the distributional equality 

ft(sign( ff )/) = sign( 5 )ft/ 

and so the claim. □ 

Proof of Proposition gH Let g e C£°([0,T] x R N ) and set u = (ft - A + m) - V Then, 
by Kato's inequality (Lemma l4.3p . 

(ft — A)|u| < (ft — A 4- m)\u\ < sign(u)(ft — A + m)u — sign(u)g 

and, since (ft — A) -1 is a positive operator, \u\ < (ft — A) _1 (sign(u)<7). We have from the definition 
of u, 

| (ft - A + m)- l g\ < (ft - A) -1 (sign(it)g) < (ft - A)~ 1 \g\. (25) 



12 



Let us consider now the adjoint operator [d t (d t - A + to) -1 ]* = [(d t - A + m) _1 ]*d t *. By (J23J) 
we have that |[(<9 t - A + to)" 1 ]*^ < [(d t - A)" 1 ]*^ for all g 6 C c °°([0,T] x E w ). Therefore, if 
/ G C£°([0, T] x R^), by choosing g = <9 t */, after an approximation procedure as in Lemma WM and 
by recalling that <9 t * = —dt where it is defined and that the operator [(dt — A) -1 ]* is continuous 
on L 2 ([0,T] x R N ), we deduce that 

[(dt - A)- 1 ]*^*/! = [0 t (d t - A) _1 ]*(sign(9j/)/). 

Therefore, 

KftCft-A + m)- 1 ]*/! = IPt-A + m)- 1 ]*^/! 

< [(ft-A)- 1 ]*!^*/! 

= - A)- 1 ]*(s i gn(d;f)f). 

Then, since [dt(dt — A) -1 ]* is of weak type (1,1) (see [Ml Section 5]), there exists a positive constant 
C such that for every / e C c °°([0, T] x R w ), a > 0, 

c c 

< — ||szgn(9 t */)/|| L i([ 0: T]xR«) = — H/IU^p^xR^) 
and the proof is complete. □ 

Remark 4.5 By Proposition ^. 2\ and by approximation we deduce that the adjoint operator [dt(dt — 
A + to)" 1 ]* is of weak type (1, 1) on L x ([0,T] x M w ) n L 2 ([0,T] x R w ). Indeed if is sufficient 
to approximate a given function f G i 1 ([0,T] x R w ) (~l L 2 ([0,T] x R w ) wi£/i smooth functions 
(/„) G C c °°([0,r] x R N ) n L 2 (0, T x R N ) in the L^^T] x R w ) n L 2 ([0, T] xl") norm. T/ien i/ie 
convergence of the set's measures fi{{\[dt(dt — A + TO) _1 ]*/ n | > a}} follows by the L 2 ([0,T] xl") 
boundedness of the operator [d t (d t — A + to) -1 ]*. 

We can now state the main theorem of this section. Before that we clarify what we mean 
by —A + m on L P ([Q,T] x M. N ). If p = 2 this operator is constructed by sesquilinear forms (see 
Example 2 at the end of the previous section). As explained previously, XI + dt — A + to is 
invertible on L 2 ([0,T] x for all A > and (XI + dt — A + m) _1 defines a bounded operator 
on L p ([0,T] x R N ) (see (|25p). By a simple density argument, it satisfies the resolvent equation 
and hence it is the resolvent of a certain closed operator on L p ([0, T] x M. N ). Wc denote, as in the 
case p — 2, this operator by dt — A + m. Hence, we have a realisation of the operator —A + m 
on L p ([0, T] x 18L N ) such that AI + dt — A + m is invertible and (AI + dt — A + to) -1 coincides on 
L p ([0, T] x R N ) n L 2 ([0, T] x R N ) with the resolvent of the starting operator on i 2 ([0, T] x R w ). 
For this realisation, the Cauchy problem (TT4)) has a unique solution in the L p ([0, T] x R N ) sense. 

By Propositions l4.1il4.2[ Thcorcm l3.3l and the Marcinkiewicz interpolation Theorem, we deduce 
that the operator d t (d t - A + to)- 1 is bounded in L p (0, T; L q (R N )) for all 1 < p, q < oo. Then 
we have proved the following result. 

Theorem 4.6 Let < m(t,x) G L\ oc ([Q,T] x R N ). As before, we assume that there exists a non- 
negative potential W G Lj oc (R N , dx) such that m satisfies the following properties (in which c\, c 2 
are positive constants and (3 > 1/2) 

c{W(x) < m(t,x) < c 2 W(x) (a.e. x G R N ) and all t G [0,T], 

\m(t,x) - m(s,x)\ < c 2 W(x)\t - sf (a.e. x G R N ) and all t,s€ [0,T]. 
Then, fori < p, q < oo, the family {A(t) = — A + m(t, •), t G [0,T]} belongs to the class MR(p,q). 
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5 Extension to other operators 



In the previous section, we gave in details the proof of the LP — L q (M> N ) maximal regularity of 
the operator —A + m(t, •). See Theorem 14.61 Here we explain how to extend this result to more 
general situations. Since the proofs are similar to those in the previous section we shall not rewrite 
all the details but mention the main ingredients. 

Let (X, p, p) be a metric measured space. We denote by v(x, r) the volume of the ball of center 
x and radius r, that is 

v(x, r) := p (B(x, r)) := p {{y £ X, p(x, y) < r}) . 

We assume that v(x,r) < oo for all x £ X and r > and that X satisfies the doubling condition 

v(x, 2r) < C v(x, r)Vx£X, r> 0, (26) 

where Co is a positive constant (independent of x and r). 

Let now fi be an open subset of X and consider A : D(A) C L 2 (fl, p) — > L 2 (il, p) be a densely 
defined linear operator. We assume for simplicity that A is a non-negative self-adjoint operator 
and denote by (e~ tA ) t >o its associated semigroup on L 2 (Q,p). We assume that {e~ tA ) t >o is a 
sub-markovian semigroup. This implies in particular that {e~ tA )t>a acts as a strongly continuous 
semigroup on L p (Q,p) for 1 < p < oo. For simplicity, we keep the same notation as in L 2 (Q,p) 
and denote by —A the corresponding generator on L p (n, /i). Finally, we assume that e~ tA is given 
by a kernel p(t, x, y) (called the heat kernel of A) which satisfies the global Gaussian upper bound 

C f p(x,y) m / ( > m - 1 ')) 

*> v) i ^ ; ; ^ ex P - c -^k^- (27) 



v / »(i,t 1 / m )D(!/,f 1 /" i ) I tV(™-i) 

for alH > and p-a.e. x,y £ O. Here C, c and m are positive constants and m > 2. 
The above assumptions are satisfied for a wide class of operators including divergence form uni- 
formly elliptic operators on domains (with Dirichlet boundary conditions), Schrodinger operators 
and also Laplace-Beltrami operators on some Riemannian manifolds, see [6] or [18] . 

Given a non-negative potential m : [0, T] x — > [0, oo], we construct self-adjoint operators 

A(t) :=A + m(t,-) 

in the same way as —A + m(t, •) in Section [3] Each A(t) is the associated operator with the form 

a(t, u, v) := a(u, v) + / m(t,-)uvdx 
Jn 

where a is the form of the self-adjoint operator A. We assume that a(t, •, •) (defined on the 
intersection domain) is densely defined and closed and assume that (fl"2"|) and (|13[1 are satisfied with 
some constant (3 > 1/2 (for p — a.e.x £ fi). We conclude from Theorem 13.31 that LP — L 2 (fl,p) 
maximal regularity holds for the family A(t),t £ [0, T). In order to obtain LP — L q (fl, p) estimates 
we proceed as in the previous section. 

Consider first the case 1 < q < 2. The sub-Mar kovian assumption of the semigroup implies in 
particular that the corresponding generator on L (O, fi) is accretive. That is 

Au ■ signu dp > 

n 
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for all u in the L 1 — domain. This implies (|17[) with A in place of —A. The doubling condition (|2"6"]) 
and the Gaussian upper bound (|2T[) imply that the operator dt(dt + A)^ 1 is of weak type (1,1). 
See [13] and [3]- Using this, the proof of Proposition 14. II works without any modification. 

In order to treat the case 2 < q < oo, we proceed as in Proposition 14.21 For any positive 
constant A, the operator (XI + d t + A + m(t, •))~ 1 defines a bounded operator on L q ([0, T] x fi) 
for 1 < q < oo. Indeed, it is bounded on L 2 ([0,T] x SI) (by the L 2 — L 2 maximal regularity) and 
since the semigroup (e~ tA )t>o is positive (since it is sub-Markovian) and m is non-negative then 
the pointwise inequality 

< (XI + d t + A + m(t, ■))- 1 g < (XI + d t + Ay 1 g (28) 

holds for a.e. (t, x) <E [0, T] x f2 and all non-negative function g (this can be checked by applying 
the positivity and domination criteria in p78|. Chapter 2] to the operators dt + A + m(t, •) and 
dt + A). This means that (f25f holds in this context. The rest of the proof of Proposition 14. 21 does 
not change. Therefore we obtain Theorem 14.61 for A(t) = A + m(t, •). 

References 

[1] H. Amann: Maximal reularity for nonautonomous evolution equations, Adv. Nonlinear Stud. 
4 (2004) 417-430 . 

[2] W. Arendt, R. Chill, S. Fornaro, C. Poupaud: W- maximal regularity for non- 
autonomous evolution equations, J. Differential Equations, Vol. 237 (2007), 1-26. 

[3] A. Carbonaro, G. Metafune, C. Spina: Parabolic Schrodinger operators, Journal of 
Mathematical Analysis and Applications, Vol. 343, N. 2 (2008), 965-974. 

[4] T. Cotjlhon, X.T. Duong: Maximal regularity and kernel bounds: observations on a theo- 
rem by Hieber and Pruss, Advances in Differential Equations, Vol. 5, N. 1-3 (2000), 343-368. 

[5] G. DA Prato, P. Grisvard: Sommes d'oprateurs linaires et quations diffrentielles opra- 
tionelles, Journal Math. Pure Appl, Vol. 54 (1975), 305-387. 

[6] E.B. Davies: Heat kernels and spectral theory, Cambridge University Press, (1989). 

[7] L. De Simon: Un'applicazione della teoria degli integrali singolari alio studio dell'equazioni 
differenziali lineari astratte del primo ordine, Rend. Sem. Univ. Padova, Vol. 34 (1964), 
547-558. 

[8] G. Dore, A. Venni: On the closedness of the sum of two operators, Math. Z., Vol. 196 
(1987), 189-201. 

[9] K.J. Engel, R. NAGEL: One-parameter semigroups for linear evolution equations, Springer 
Verlag, Graduate Texts in Mathematics 2000. 

[10] D. Gilbarg, N. Trudinger: Elliptic partial differential equations of second order, Springer 
Verlag 1983. 

[11] S. Goldberg: Unbounded linear operators, McGraw-Hill 1966. 

[12] M. Hieber, S. Monniaux: Pseudo-differential operators and maximal regularity results for 
non-autonomous parabolic equations, Proceedings of the american mathematical society, Vol. 
128, N. 4 (1999), 1047-1053. 



15 



[13] M. Hieber, S. Monniaux: Heat-Kernels and Maximal L p - L^-Estimates: The Non- 
Autonomous Case, The Journal of Fourier Analysis and Applications, Vol. 6, N. 5 (2000), 
467-481. 

[14] M. Hieber, J. PrusS: Heat kernels and maximal LP — L q estimates for parabolic evolution 
equations, Comm. in Partial Differential Equation, Vol. 22, N. 9&10 (1997), 1647-1669. 

[15] T. Kato: L p -theory of Schrodinger operators with a singular potential. Aspects of positivity 
in functional analysis, North-Holland Math. Stud., Vol. 122 (1986), 63-78. 

[16] D. Lamberton: Equations devolution linaires associes a des semigroupes de contractions 
dans les espaccs L p , J. Func. Anal, Vol. 72 (1987), 252-262. 

[17] J. Lions: Equations diffrentielles oprationelles et problmes aux limites, Springer- Verlag, 
Berlin, Gottingcn, Heidelberg 1961. 

[18] E. M. Ouhabaz: Analysis of Heat Equations on Domains, London Mathematical Society 
Monographs 2005. 

[19] J. PRUSS, P. Clement: Global existence for a semilinear parabolic Volterra equation, Math- 
ematische Zeitschrift, Vol. 209 (1992), 17-26. 

[20] J. PRUSS, R. Schnaubelt: Solvability and Maximal Regularity of Parabolic Evolution Equa- 
tions with Coefficients Continuous in Time, Journal of Mathematical Analysis and Applica- 
tions, Vol. 256 (2001), 405-430. 

[21] M. Reed, R. Simon: Method of modern mathematical physics Vol.2 Fourier Analysis, Self- 
Adjointness, Accademic Press INC, New York, (1975). 

[22] P.E. Sobolevskii: Coerciveness inequalities for abstract parabolic equations, Soviet Math. 
Dokl, Vol. 5 (1964), 894-897. 

[23] H. Tanabe: Equations of Evolution, Pitman 1979. 

[24] L. Weis: A new approach to maximal L p -regularity, In Evolution Equations and their Ap- 
plications in Physical Life Sciences (Bad Herrenalb, 1998), Vol 215, Lect. Notes in Pure and 
Appl. Math. 195-214. Dekker, New York 2001 . 

[25] L. Weis: operator- valued Fourier multiplier theorems and maximal L p — regularity, Math. 
Ann., 319 (4) (2001) 735-758. 



16 



